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Notations

Primes: the set of all prime numbers

F: a number field O Op: the ring of integers

Apr: the absolute value of the discriminant of F
V(F)™": the set of nonarchimedean places of F
V(F)?€: the set of archimedean places of F

V(F) = V(F)ren J V()T

For v € V(F), write F, for the completion of F" at v

For v € V(F)"™", write p, C O for the prime ideal corr. to v
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o Let v € V(F)"". Write ord, : F'* — Z for the order def'd by v.

Then for any x € F', we shall write
def —or
|0 = 8(Or/py)~° do(@),

o Let v € V(F)*°. Write 0, : F' — C for the embed. det'd, up to
complex conjugation, by v. Then for any x € F', we shall write

def Fy:R
2l o () F.

Note: (Product formula) For aw € F*, it holds that

II lal = 1.

veV(F)

For an elliptic curve E /a field, write j(E) for the j-invariant of E
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Log-volume estimates for ©-pilot objects (cf. [IUTchlll], Cor 3.12)

Theorem

Write

~[log(®)] € RU {o0}
for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the
relevant Kum. isoms, in the multira’l rep’'n of [IUTchlll], Thm 3.11, (i),
which we regard as sub. to (Ind1), (Ind2), (Ind3);
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Log-volume estimates for ©-pilot objects (cf. [IUTchlll], Cor 3.12)

Theorem

Write

~[log(®)] € RU {o0}
for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the
relevant Kum. isoms, in the multira’l rep’'n of [IUTchlll], Thm 3.11, (i),
which we regard as sub. to (Ind1), (Ind2), (Ind3);

—|log(g)] € R

for the (process.-normalized, mono-an.) log-volume of the image of a
q-pilot object, rel. to the relevant Kum. isoms, in the multirad’l rep’n.
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Log-volume estimates for ©-pilot objects (cf. [IUTchlll], Cor 3.12)

Theorem

Write
—|log(®)| € RU {oo}

for the (process.-normalized, mono-an.) log-volume of the “holomorphic
hull” of the union of the possible images of a ©-pilot object, rel. to the
relevant Kum. isoms, in the multira’l rep’'n of [IUTchlll], Thm 3.11, (i),
which we regard as sub. to (Ind1), (Ind2), (Ind3);

—|log(g)] € R

for the (process.-normalized, mono-an.) log-volume of the image of a
q-pilot object, rel. to the relevant Kum. isoms, in the multirad’l rep’n.

Then it holds that —|log(©)| € R, and —|log(Q)| > —| 1og( ).
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Results in [IUTchlV]

For A € Q\{0,1},

Ay: the elliptic curve /Q()) def'd by “y? = x(x — 1)(x — \)"

Fy = QO V=1, 453+ 5](@))

= E) def A Xg(n) Fx has at most split multipl. red. at V € V(F))
qa: the arithmetic divisor det'd by the g-parameters of E)/F)

fa: the “reduced” arithmetic divisor det'd by gy

0,: the arithmetic divisor det'd by the different of F)/Q
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Theorem (Vojta Conj. — in the case of P\ {0, 1,00} — for “K")
Let d € Z~p, e € Ryg HRSL
K C Q\{0,1}: a compactly bounded subset whose “support” > 2, oc.

Then 3B(d, ¢, K) € R+o — that depends only on d, ¢, and K — s.t.
the function on <4 % {Ae K |[Q(N): Q] <d} given by

A = Lodeg(qy) — (1+€) - (deg(dy) + deg(f))

is bounded by B(d, ¢, K).
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Theorem (Vojta Conj. — in the case of P\ {0, 1,00} — for “K")
Let d € Z~p, e € RyoN Rgl,

K C Q\{0,1}: a compactly bounded subset whose “support” > 2, oc.

Then 3B(d, ¢, K) € R+o — that depends only on d, ¢, and K — s.t.
the function on <4 % {Ae K |[Q(N): Q] <d} given by

A = Lodeg(qy) — (1+€) - (deg(dy) + deg(f))

is bounded by B(d, ¢, K).

Proof: By applying

o the finiteness of {\ € K=¢ | deg(qy) <7} (7 € Rso)
(cf. Northcott's theorem),
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o #{j(“arithmetic" elliptic curve over a field of char. zero)} = 4
(cf. Takeuchi’'s list),

@ the prime number theorem,

@ the theory of Galois actions on torsion points of elliptic curves
(cf. [GenEll]),

we conclude that for all but finitely many A € K=¢, there exists a

prime number [y such that
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o #{j(“arithmetic" elliptic curve over a field of char. zero)} = 4
(cf. Takeuchi’'s list),

@ the prime number theorem,

@ the theory of Galois actions on torsion points of elliptic curves
(cf. [GenEll]),

we conclude that for all but finitely many A € K=¢, there exists a

prime number [y such that

(i) Pan initial ©-data (Q/Fy, Ej, I, ...) s.t. Ey has good red.
at every € V(F))g°°d NV (F))"" that does not divide 21

(In the following, we shall write

mod )

qu’\ad: the arithmetic divisor det'd by “restricting q) to V
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(i) &-deg(qh®d) < (1+20%). (deg(dy) + deg(fr)) + 20y - Iy,

Ix

where dy := [Q()\) : Q], 6 :=2'2-33.5.d) (cf. (i); “Cor 3.12")
(iii) ordy, (qn) < deg(qx)'/2, where V(Fy) > O|iy

(iv) deg(qa)/? < Iy < 10-0-deg(qr)¥/? - log(2- 4 - deg(qy))
where § :=212.33.5.4
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(i) &-deg(qh®d) < (1+20%). (deg(dy) + deg(fr)) + 20y - Iy,

Ix

where dy := [Q()\) : Q], 6 :=2'2-33.5.d) (cf. (i); “Cor 3.12")
(iii) ordy, (qn) < deg(qx)/2, where V(Fy) > ]Iy

(iv) deg(qa)/? < Iy < 10-0-deg(qr)¥/? - log(2- 4 - deg(qy))
where § :=212.33.5.4

Then it follows from (i), (iii) [cf. also the “compactness” of K] that

A Ldeg(qy) — & deg(q¥™) — deg(qn)'/? log(20 deg(q,))

is bounded. On the other hand, it follows from (ii), (iv) that
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deg(a¥®) < (140 deg(qn)™"/?)(deg(0x) + deg(f)) +
20007 - deg(qx)"/*1og (26 deg(ax))-
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deg(a¥®) < (140 deg(qn)™"/?)(deg(0x) + deg(f)) +
20007 - deg(qx)"/*1og (26 deg(ax))-

In particular, these two displays imply that \ —

5)2 log (26 de
(1 — 2 C0LosBeEll)) b deg(an) — (1 + gy (deg(2r) + deg(fa)

is bounded.
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deg(a¥®) < (140 deg(qn)™"/?)(deg(0x) + deg(f)) +
20007 - deg(qx)"/*1og (26 deg(ax))-

In particular, these two displays imply that \ —

5)2 log (26 de
(1 — 2 C0LosBeEll)) b deg(an) — (1 + gy (deg(2r) + deg(fa)

is bounded. By enlarging our “exceptional set”, we conclude that

A g -deg(qn) — (1+¢€) - (deg(dn) + deg(fn))

is bounded. This completes the proof of Theorem.
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deg(a¥®) < (140 deg(qn)™"/?)(deg(0x) + deg(f)) +
20007 - deg(qx)"/*1og (26 deg(ax))-

In particular, these two displays imply that \ —

5)2 log (26 de
(1 — 2 C0LosBeEll)) b deg(an) — (1 + gy (deg(2r) + deg(fa)

is bounded. By enlarging our “exceptional set”, we conclude that
A g odeg(an) — (1+€) - (deg(dn) + deg(fn))

is bounded. This completes the proof of Theorem.

Then, by applying the theory of noncritical Belyi maps, we obtain

(*): the “version with /C removed” of Theorem (cf. [GenEll]).
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Theorem (Corollary of (x) — ABC Conjecture for number fields)
Let d € Z~p, e € R5o N Rgl.

Then 3C(d, €) € Rg — that depends only on d and € — s.t. for
e F: a number field — where d = [F: Q]
e (a,b,c) : a triple of elements € F* — where a+b+c¢ =10

we have
Hp(a,b,c) < C(d,€) - (Ap -radp(a,b,c))tte

— where def
Hr(a,b,¢) = [l,evir) max{lalv, [blo, |clo},

def
radp(a,b,¢) = liuevirymonigial, el =23 HOF/Po).
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Theorem (Corollary of (x) — ABC Conjecture for number fields)
Let d € Z~p, e € R5o N Rgl.

Then 3C(d, €) € Rg — that depends only on d and € — s.t. for
e F: a number field — where d = [F: Q]
e (a,b,c) : a triple of elements € F* — where a+b+c¢ =10

we have
Hp(a,b,c) < C(d,€) - (Ap -radp(a,b,c))tte

— where def

Hr(a,b,c) = [lievir) maxifaly, [blo, |clo},

def
radp(a,b,¢) = liuevirymonigial, el =23 HOF/Po).

Note: We do not know the constant “C(d,¢€)" explicitly.

For instance, it is hard to compute noncritical Belyi maps explicitly.
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Computations concerning (ii)

For v € R, we shall write |y] (resp. [v]) for the largest integer
< v (resp. the smallest integer > ~).

{ki}ier: a finite set of p-adic local fields (Oy,: the ring of integers)

e; (resp. 0;): the abs. ram. index (resp. the order of an gen. of J,)

_def e% p?ﬂ (p>2) b, def | log(p-ei/(p=1)) 1
a; = i = lgggiaﬂﬁiggij-_
2 (p=2)

ar > ai, b © > b, o © > o

iel el iel

M}cofg: the (nor'd) log-vol. on k; o Qierk; s.t. N}colg(‘@ieloki) =0
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Lemma

For M\ e B%Z, write p*Oy, for the fractional ideal generated by any
element x € k; s.t. ord(z) = \. Let

6:Qp 2z, Qlog,(0F) 3 Q,2z, Qlog,(OF)
icl iel
be an automorphism of the finite dimensional Q,-vector space that

induces an automorphism of the submodule @, ;log,(Oy.).
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Lemma

For M\ e B%Z, write p*Oy, for the fractional ideal generated by any
element x € k; s.t. ord(z) = \. Let

6:Qp 2z, Qlog,(0F) 3 Q,2z, Qlog,(OF)
icl iel
be an automorphism of the finite dimensional Q,-vector space that

induces an automorphism of the submodule @, ;log,(Oy.).

(i) Write I* ¥ {ie I|e; >p—2}. Forany Nekz el

3P (®ierOr)™) | P Q) 55 1og,(OF)

i€l

c pPr el & log,(07) < pr el (@ic 04,) .
el

v
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Moreover, we have

i (PP (@461 O ))

< (=A+97+1)log(p) + 2(3 + log(e;)).
ieI*
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Moreover, we have

i (PP (@461 O ))

< (A4 +1)log(p) + Y (3 +log(es)).

el*
(i) Suppose that p>2 and e; =1 (Yi€I). Then
$(®ierOr)™) € Q) 35108,(0F) = (2icrOk,)™
el
Moreover, we have
15 (®ierOk,)™) = 0.
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In the following discussion, for simplicity, write

(F/F, E, 1, ...) € @/Fy, By, Ly, -..).
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In the following discussion, for simplicity, write

(F/F, E, 1, ...) € @/Fy, By, Ly, -..).

(= K=F(E[l]) 2 F 2 Fpoa: the field of moduli of E)

def def .
dmod = [Fmod : Q] > €mod = the max. ram. index of Fyoq/Q
def def
Fod = 212335 dmoa > €hyq = 2':3%5 emoa

van def V(Q)mer D V%St def {vg € i | vg ramifies in K}
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In the following discussion, for simplicity, write
(F/F, E, 1, ...) ¥ @/F\, Ey, L, ...).

(= K=F(E[l]) 2 F 2 Fpoa: the field of moduli of E)

dmod def [Finod : Q] > emod 2 the max. ram. index of Fod/Q

def

f
© 912,33 5. dpog > ey & 212,335 epog

d*

mod

non df non S df
vEr = V@ o Vit =

{vg € V" | vg ramifies in K}

Let us compute an upper bound for the

(process.-normalized, mono-an.) log-volume of the "holomorphic
hull” of the union of the possible images of a ©-pilot object, rel.
to the relevant Kum. isoms, in the multira’l rep’n of [IUTchlll],

Thm 3.11, (i), which we regard as sub. to (Ind1), (Ind2), (Ind3)
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|
(A) Let vg € V&St. Fix j (€ {1,2,...,0*}) and the collection
{Ui}z‘eSﬁl

of [not necessarily distinct] elements of V(Fiod)v,. Write v; € V

5 V(Finoq) for the elem't corr. to ;.
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|
(A) Let vg € V&St. Fix j (€ {1,2,...,0*}) and the collection
{Ui}z‘eSﬁl

of [not necessarily distinct] elements of V(Fiod)v,. Write v; € V
5 V(Fpoa) for the elem’t corr. to v;. Then, by applying Lem, (i),
we obtain an upper bound on the component of the log-volume in

question corresponding to the tensor product of the Q-spans of the

log-shells associated to the collection {v;};, o= as follows:
1
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|
(A) Let vg € V&St. Fix j (€ {1,2,...,0*}) and the collection
{Ui}z‘eSﬁl

of [not necessarily distinct] elements of V(Fiod)v,. Write v; € V
5 V(Fpoa) for the elem’t corr. to v;. Then, by applying Lem, (i),
we obtain an upper bound on the component of the log-volume in

question corresponding to the tensor product of the Q-spans of the

log-shells associated to the collection {v;};, o= as follows:
1

(*)\ + 07+ 1) log(pv@) + 4(] + 1)[’1)@ 1Og(€;knod ’ l)

2
— where A = {élord(gvj) (v € yhad)

L 1 (p”@ < e;knodl)
(yj e ygood) vQ

0 (Pug > €hoal)
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(B) Let vp € VEF"\VG*. Fix j(€{1,2,...,1*}) and {vi}iegji+1
as in (A).
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(B) Let vg € V&on \V%St. Fix J (E {1,2, Ce ’l*}) and {vi}iES;‘Erl
as in (A). Then, by applying Lem, (ii), we obtain an upper bound on
the comp. of the log-vol. in question corr. to the tensor prod. of the

Q-spans of the log-shells assoc. to {v;}, g+ as follows:
J+1
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(B) Let vg € V&on \V%St. Fix J (E {1,2, Ce ’l*}) and {vi}iES;‘Erl
as in (A). Then, by applying Lem, (ii), we obtain an upper bound on
the comp. of the log-vol. in question corr. to the tensor prod. of the

Q-spans of the log-shells assoc. to {v;}, g+ as follows:
J+1

0
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(B) Let vp € VEF"\VG*. Fix j(€{1,2,...,1*}) and {vi}iegji+
as in (A). Then, by applying Lem, (ii), we obtain an upper bound on

1

the comp. of the log-vol. in question corr. to the tensor prod. of the

Q-spans of the log-shells assoc. to {v;}, g+ as follows:
J+1
0

(C) Let vg € VE©. Fix j(€{1,2,...,0*}) and {Ui}iES]-i+l as
in (A). Then we obtain an upper bound on the comp. of the log-vol.
in question corr. to the tensor prod. of the Q-spans of the log-shells

assoc. to {v;}._«+  as follows:
{ Z}zeSjJrl

(4 +1) - log()
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After computing a “weighted average upper bound”, i.e.,

(T’ D TT [(Funoa)s, : Qugl(—)

V0, "UjEV(Fmod)v@ 0<i<y

and then a “procession-normalized upper bound”, i.e.,
1
F 2 )
1<j<i*

for each vg € Vg, by summing over vg € Vg these estimates, we

obtain an upper bound on —|log(©)| as follows:
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After computing a “weighted average upper bound”, i.e.,

(T’ D TT [(Funoa)s, : Qugl(—)

V0, V5 EV(Fmod)v@ 0<i<y

and then a “procession-normalized upper bound”, i.e.,

= 2 )

1<j<i*

for each vg € Vg, by summing over vg € Vg these estimates, we

obtain an upper bound on —|log(©)| as follows:

B (14 2t - (deg(0y) + deg(fa) + 10+ €500 -/

—5 (1= 2) - log(af™) | — & - deg(ai™)
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On the other hand, since —|log(0)| > —|log(q)| = —1; - deg(q5™?),

we conclude that
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On the other hand, since —|log(0)| > —|log(q)| = —1; - deg(q5™?),

we conclude that

(1= ) - deg(a™) <

o=

(1 + 2%med) . (deg(2y) + deg(fr)) + 10 - €foq - 1,
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On the other hand, since —|log(0)| > —|log(q)| = —1; - deg(q5™?),

we conclude that

(1= ) - deg(a™) <

o=

(1 + 2%med) . (deg(2y) + deg(fr)) + 10 - €foq - 1,

hence that

% . deg(q};\ad) < (1+ QOdTmOd) : (deg(DA) + deg(f)\)) +20- d;knod -l

Arata Minamide (RIMS, Kyoto University) Explicits Estimates in IlUTch September 7, 2021 18 / 34



Goal of this joint work:
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Goal of this joint work: Under certain conditions, we prove (k) directly

[i.e., without applying the theory of noncritical Belyi maps| to compute

the constant “C(d, €)" explicitly.
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Goal of this joint work: Under certain conditions, we prove (k) directly

[i.e., without applying the theory of noncritical Belyi maps| to compute

the constant “C(d, €)" explicitly.

Technical Difficulties of Explicit Computations
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Goal of this joint work: Under certain conditions, we prove (k) directly

[i.e., without applying the theory of noncritical Belyi maps| to compute

the constant “C(d, €)" explicitly.
Technical Difficulties of Explicit Computations

(i) We cannot use the compactness of “K" at the place 2

= We develop the theory of étale theta functions so that
it functions properly at the place 2
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Goal of this joint work: Under certain conditions, we prove (k) directly

[i.e., without applying the theory of noncritical Belyi maps| to compute

the constant “C(d, €)" explicitly.
Technical Difficulties of Explicit Computations

(i) We cannot use the compactness of “K" at the place 2
= We develop the theory of étale theta functions so that
it functions properly at the place 2
(i) We cannot use the compactness of " at the place oo

= By restricting our attention to special number fields, we
“bound” the archimedean portion of the “height” of the

elliptic curve E)
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Etale Theta Functions

p, I: distinct prime numbers — where [ > 5
k: a p-adic local field O Oj: the ring of integers
X: an elliptic curve /k which has split multipl. red. /Oy

q € O the g-parameter of X

def

Xlog (X, {o} C X): the smooth log curve /k assoc. to X

In the following, we assume that

e v/—1 € k

o X[2ll(k) = X[21|(k)
o [X!8/{+1}] is a k-core
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Now we have the following sequence of log tempered coverings:

}"/log H2 ylog Lz Xlog F, Xxlog

— where

o Y8 — X' _, xlog is det'd by the [graph-theoretic] universal
covering of the dual graph of the special fiber of X1°2. Write

z ¥ Gal(y'os/xlos) (7).

o X'°& — Xog corresponds to [ - Z C Z. Write

def

F, ' Gal(x'%/X"%) (= F)).

o Y8 — Y18 s the double covering det'd by “u = i2".
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|
Special fibers

Y X
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Write: For a curve (—) over k,

Ver(—): the set of irreducible components of the special fiber of (—)

e First, we recall the def'n of evaluation points on ylog,
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Write: For a curve (—) over k,

Ver(—): the set of irreducible components of the special fiber of (—)
e First, we recall the def'n of evaluation points on ylog,

We fix a cusp of X'°8 and refer to the zero cusp X'°%.

= X admits a str. of elliptic curve whose origin is the zero cusp.
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Write: For a curve (—) over k,

Ver(—): the set of irreducible components of the special fiber of (—)
e First, we recall the def'n of evaluation points on ylog,

We fix a cusp of X'°8 and refer to the zero cusp X'°%.

= X admits a str. of elliptic curve whose origin is the zero cusp.

Ox € Ver(X'°8): the irreducible comp. which contain the “origin”
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Write: For a curve (—) over k,

Ver(—): the set of irreducible components of the special fiber of (—)
e First, we recall the def'n of evaluation points on ylog,

We fix a cusp of X'°8 and refer to the zero cusp X'°%.

= X admits a str. of elliptic curve whose origin is the zero cusp.
0x € Ver(X'°8): the irreducible comp. which contain the “origin”
Then we fix a lift. 3 € Ver(Y'°8) of 0x € Ver(X'°8) and write

0y € Ver(Y'e).

Arata Minamide (RIMS, Kyoto University) Explicits Estimates in IlUTch September 7, 2021 23 /34



Write: For a curve (—) over k,

Ver(—): the set of irreducible components of the special fiber of (—)
e First, we recall the def'n of evaluation points on ylog,

We fix a cusp of X'°8 and refer to the zero cusp X'°%.

= X admits a str. of elliptic curve whose origin is the zero cusp.
0x € Ver(X'°8): the irreducible comp. which contain the “origin”
Then we fix a lift. 3 € Ver(Y'°8) of 0x € Ver(X'°8) and write

0y € Ver(Y'e).

Oy € Ver(Y18): the irreducible comp. lying over Oy € Ver(Y1°8)
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Note: Since Ver(Y'°8) is a Z-torsor, we obtain a labeling

Z = Ver(Y'°®) 5 Ver(Y'°#).
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Note: Since Ver(Y'°8) is a Z-torsor, we obtain a labeling
Z = Ver(Y'°®) 5 Ver(Y'°#).

Assume: p # 2
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Note: Since Ver(Y'°8) is a Z-torsor, we obtain a labeling

Z = Ver(Y'°®) 5 Ver(Y'°#).

Assume: p # 2

p— € X(k): the 2-torsion point — not equal to the origin — whose
closure intersects 0x € Ver(X!°8)

pY € Y(k): a Flift. of u_ whose closure intersects Oy € Ver(Y1°8)

ij € Y(k): the image of u¥ by the action of j € Z
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Note: Since Ver(Y'°8) is a Z-torsor, we obtain a labeling

Z = Ver(Y'°®) 5 Ver(Y'°#).

Assume: p # 2

p— € X(k): the 2-torsion point — not equal to the origin — whose
closure intersects 0x € Ver(X!°8)

pY € Y(k): a Flift. of u_ whose closure intersects Oy € Ver(Y1°8)

f}/ € Y(k): the image of u¥ by the action of j € Z

Definition

an evaluation point of Y% |abeled by j € Z

€ 2 lifting € ¥ (k) of € € Y (k)
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e Next, we recall the def'n of the theta function ©.
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e Next, we recall the def'n of the theta function ©.
The function
. 1 1, .1
G(ii) = g 8 Y (1) g2
nez

on Y% extends uniquely to a meromorphic function © on the stable
model of Y, and satisfies the following property:

2
2.

O(&) ™" = £6(%) " g

— where &; € Y (k) is an evaluation point labeled by j € Z.
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e Next, we recall the def'n of the theta function ©.

The function

.. 1 1 1
O(it) € ¢ 8-y (-1 g R
nez

on Y% extends uniquely to a meromorphic function © on the stable
model of Y, and satisfies the following property:

i2

0@) ! = +6(&%) " -q 7.
— where &; € Y (k) is an evaluation point labeled by j € Z.

Definition
Write
dﬁf .

Ost O(&) "

and refer to O as a theta function of uo-standard type.
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We want to develop the theory of © functions in the case of p = 2.
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We want to develop the theory of © functions in the case of p = 2.

= In this work, instead of “2-torsion points”, we consider

6-torsion points of X (k).
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We want to develop the theory of © functions in the case of p = 2.

= In this work, instead of “2-torsion points”, we consider
6-torsion points of X (k).

Lemma (Well-definedness of the notion of “ug-standard type™)

n € Z~o: an even integer
L: an alg. cl. ch. zero fld. D pJ : the set of pr. 2n-th roots of unity
I'_ (resp. I'"): the group of § = 2 which acts on pJ, as follows:

¢ m ¢ (resp. ¢ = (7Y

Then the action I'_ x '™ on uJ, is transitive < n € {2,4,6}
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We want to develop the theory of © functions in the case of p = 2.

= In this work, instead of “2-torsion points”, we consider
6-torsion points of X (k).

Lemma (Well-definedness of the notion of “ug-standard type™)

n € Z~o: an even integer
L: an alg. cl. ch. zero fld. D pJ : the set of pr. 2n-th roots of unity
I'_ (resp. I'"): the group of § = 2 which acts on pJ, as follows:

¢ m ¢ (resp. ¢ = (7Y

Then the action I'_ x '™ on uJ, is transitive < n € {2,4,6}

Note: ©(—ii) = —O(ii); O(ii~ ) = —O(ii); O((12) is unit at Ybad places.
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|
Heights

First, we recall the notion of the Weil height of an algebraic number.
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-
Heights
First, we recall the notion of the Weil height of an algebraic number.
Definition
Let F' be a number field; a € F'. Then for O € {non, arc}, we shall write
ho() def ﬁ Z log max{|a|y, 1},
veV(F)H

(@) ' hnon (@) + hare()

and refer to h(a) as the Weil height of .
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-
Heights
First, we recall the notion of the Weil height of an algebraic number.
Definition
Let F' be a number field; a € F'. Then for O € {non, arc}, we shall write
def
hola) = g > logmax{|al,, 1},

veV(F)H

(@) ' hnon (@) + hare()

and refer to h(a) as the Weil height of .

Observe: Let n € Q be a positive integer. Then we have

hnon(n) = 0, harc(n) = log(n).
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In this work, we introduce a variant of the notion of the Weil height.
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In this work, we introduce a variant of the notion of the Weil height.

Definition

Let & € F*. Then for O € {non, arc}, we shall write

or def _
hiS* (o) = 2[;@] Z log max{|c|s, |oz|v1},
veV(F)Y

B (@) R () + higi(a)

non

and refer to h*°*(«) as the toric height of a.
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In this work, we introduce a variant of the notion of the Weil height.

Definition

Let & € F*. Then for O € {non, arc}, we shall write

or def _
hiS* (o) = 2[;@] Z log max{|c|s, |oz|v1},
veV(F)Y

B (@) R () + higi(a)

non

and refer to h*°*(«) as the toric height of a.

Observe: Let n € Q be a positive integer. Then we have

hoon(n) = 3log(n), hac(n) = 3log(n).
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Remark
For o € F'*, it holds that h(a) = h""(a).

Arata Minamide (RIMS, Kyoto University) Explicits Estimates in IlUTch September 7, 2021 29 / 34



Remark
For o € F'*, it holds that h(a) = h""(a).

Definition
A number field F' is mono-complex Y fV(F)*e =1

(& Fis either Q or an imaginary quadratic number field)
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Remark
For o € F'*, it holds that h(a) = h""(a).

Definition
A number field F is mono-complex %% fV(F)*e =1

(& Fis either Q or an imaginary quadratic number field)

Proposition (Important property of h{S")
F': a mono-complex number field

For a € F*, it holds that h'"(a) < AT (q).

arc non
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Remark
For o € F'*, it holds that h(a) = h""(a).

Definition
A number field F is mono-complex %% fV(F)*e =1

(& Fis either Q or an imaginary quadratic number field)

Proposition (Important property of hS")
F': a mono-complex number field

For a € F*, it holds that h'"(a) < AT (q).

arc non

Proof: This follows immediately from the product formula.
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Next, we introduce the notion of the “height” of an elliptic curve.
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Next, we introduce the notion of the “height” of an elliptic curve.
Definition

F C Q: a number field

E: an elliptic curve /F 3@ “Wr=x(x—1)(z-N)" (AeQ\{0,1})

Note: 63 . ~ (PQ\{()?LOO})(@) :> @\{071}

For O € {non, arc}, we shall write

_tor def or
hEN(E) Y (o),
oeBG3

hG—tor(E) déf hG—tor(E) + hG—tor (E)

non arc

and refer to hS°"(E) as the symmetrized toric height of E.
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Proposition (Important property of hg—tor)
Suppose: Q(A) is mono-complex

Then it holds that hS{or(E) < hS:itor(E).

arc non
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Proposition (Important property of hg—tor)
Suppose: Q(A) is mono-complex

Then it holds that hS " (E) < hS;o"(E),

Proof: This follows immediately from the previous Proposition.
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Proposition (Important property of hg—tor)
Suppose: Q(A) is mono-complex

Then it holds that hS{or(E) < hS:itor(E).

arc non

Proof: This follows immediately from the previous Proposition.

Now we note that we have an equality “deg(qy) = huon(J(EN))".
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Proposition (Important property of hg—tor)
Suppose: Q(A) is mono-complex

Then it holds that hS{or(E) < hS:itor(E).

arc

Proof: This follows immediately from the previous Proposition.
Now we note that we have an equality “deg(qy) = huon(J(EN))".

Theorem (Comparison between hS**(E) and ho(j(E)))
We have

0 < ASE(E) — hyon((E)) < 8log2,

—11log2 < ASYY(E) — hare(4(E)) < 2log2.

— arc —

IN
IN
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Auxiliary numerical results

Theorem (j-invariants of “arithmetic” elliptic curves — due to Sijsling)

j(“arithmetic” elliptic curve over a field of char. zero) €

488095744 1556068
095744 1556068 1798, ).
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Auxiliary numerical results

Theorem (j-invariants of “arithmetic” elliptic curves — due to Sijsling)

j(“arithmetic” elliptic curve over a field of char. zero) €

488095744 1556068
095744, 1728, 0}.

Theorem (Effective ver. of PNT — due to Axler, Rosser-Schoenfeld)

For x € R>9, write

n(z) € g{pePrimes [p<az}; 02) L Y log(p)

pEPrimes; p<zx

Then for any real number x > 5-102° (resp. > 10%%), it holds that

m(x) < 1.022- (resp. |#(x) — x| < 0.00071 - x).

log(m)
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Main Results

Theorem (Effective ABC for mono-complex number fields)
Letd € {1,2}, € € Ry QRSI- Write

hae) 3.4-10%0 . ¢ 166/81 (g =1)
T L6103 s (@=2).
Then for
e [: a mono-complex number field — where d = [F': Q]

e (a,b,c) : a triple of elements € F* — where a+b+c¢c =10
we have

3
Hp(a,b,c) < 2°U2. exp(% -ha(€)) - (Ap -radp(a,b,c))2™.
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Theorem (Effective version of a conjecture of Szpiro)

Let e € Ryo N R<y; a, b, ¢ be nonzero coprime integers such that
a+b+c = 0.
Then we have

labe| < 2% exp(1.7-10%0 - ¢ 15/81) . (rad(abc))?(+e).

Arata Minamide (RIMS, Kyoto University) Explicits Estimates in IlUTch September 7, 2021

34 /34



Theorem (Effective version of a conjecture of Szpiro)

Let e € Ryo N R<y; a, b, ¢ be nonzero coprime integers such that
a+b+c = 0.
Then we have

labe| < 2% exp(1.7-10%0 - ¢ 15/81) . (rad(abc))?(+e).

Corollary (Application to Fermat's Last Theorem)
Let p > 3.35 - 10° be a prime number. Then there does not exist

any triple (x,y, z) of positive integers such that
aP 4 yP = 2P

holds (cf. [Coppersmith], [Mih3ilescu]).
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